Einstein equations have been solved for some specific dynamical models of the cosmological term Λ. Connecting the free parameters of the models with the cosmic matter-and vacuumenergy density parameters it is shown that the models are equivalent. Using the selected models, present values of some of the physical parameters have been estimated and a glimpse of the past decelerating universe has also been presented. Most of these nicely agree with the values as suggested by the Type Ia Supernovae data.
INTRODUCTION
The observations on supernova by the High-z Supernova Search Team (HZT) and the Supernova Cosmology Project (SCP) (Riess et al. 1998; Perlmutter et al. 1998) have revealed that instead of slowing down the expanding universe is speeding up. An intense search is going on, both in the theoretical and observational level, to unveil the true nature of this acceleration. It is commonly believed by the cosmological community that a kind of repulsive force which acts as anti-gravity is responsible for gearing up the Universe some 7 billion years ago. This hitherto unknown exotic physical entity is therefore termed as dark energy. Now, there can be many variants of dark energy which are responsible for this accelerated Universe and variation in the forms of dark energy also exhibit variation in expansion rates in different era. So, there may have more than one candidate which can be stamped as dark energy. For example, one may select the so called cosmological constant, introduced and later abandoned by Einstein, as dark energy. But selection of cosmological constant as dark energy is confronted by a serious fine-tuning problem which demands that the value of Λ must be 123 orders of magnitude and 55 orders of magnitude larger respectively in Planck scale (T ∼ 10
19 GeV) and electroweak scale (T ∼ 10 2 GeV) than its present observed value. Moreover, matter and radiation energy densities of the expanding Universe falls off as a −3 and a −4 respectively, where a is the scale factor of the Universe, while Λ remains constant. This poses another disturbing fine-tuning problem. For these two reasons at present Λ with a dynamical character is preferred over a constant Λ, specially a time dependent Λ which has decreased slowly from its large initial value to reach its small value at the present era (Overduin & Cooperstock 1998) . A scalar field φ with a potential V (φ), which is known as quintessence and ⋆ E-mail: saibal@iucaa.ernet.in decreases slowly with time, may be another candidate for dark energy. Quintessence exerts negative pressure and is dynamic in nature (recall, Λ ef f ective = 8πGρ φ ). However, in the present article we have considered some phenomenological models of kinematical Λ which is assumed as one of the candidates of dark energy to account for the accelerating expansion of the universe.
Among the dynamical models of Λ which are frequently used in literature, we have particularly presented in this article three types of them viz., Λ ∼ ȧ a 2 , Λ ∼ä a and Λ ∼ ρ, where a is the scaling factor of the Robertson-Walker metric and ρ is the matter-energy density. First type of Λ-model was proposed from dimensional argument by Carvalho, Lima & Waga (1992) and Waga (1993) , and using other type of argument by Lima & Carvalho (1994) and subsequently taken up by several workers (Salim & Waga 1993; Arbab & Abdel Rahaman 1994; Wetterich 1995; Arbab 1997; Padmanabhan 2001) . Using dimensional arguments Vishwakarma (2000) suggested Λ ∼ ρ model whereas the second model mentioned above was dealt by Arbab (2003a Arbab ( , b, 2004 and Overduin & Cooperstock (1998) . Now, the key to catch up the nature of dark energy lies in w, the equation of state parameter which is nothing but the ratio of fluid pressure and matter-energy density of dark energy , viz., w = p/ρ. This parameter w has been selected in different ways in different models. In the present study, using above three forms of Λ, general solutions of the field equations are obtained with the assumption that the Universe is flat. Also, a particular solution, wherever needed, have been discussed for the specific cases of matter-and radiation-dominated Universe related to three specific dynamic cosmological terms. It is possible to show the equivalence of the three models in terms of the solutions obtained by connecting the free parameters α, β and γ of these models with Ωm and ΩΛ, respectively the matter-and vacuum-energy density parameters of the Universe. This will enable us to establish a relationship between three parameters of the models in the pressure-less dust and electromagnetic radiation cases (w = 0, 1/3). In this connection we would like to point out that related to the cases Λ ∼ ȧ a 2 and Λ ∼ ρ it is already mentioned by Vishwakarma (2001a) that the estimates of the parameters for the flat models are the same. Therefore, in view of this, the main purpose of the present paper is to re-examine the status of the phenomenological approach of the dynamical Λ-term and to provide more general result by including one more case Λ ∼ä a through a systematic analysis. However, though there are innumerable phenomenological Λ-decay laws available in the literature (see for exhaustive lists Overduin & Cooperstock 1998 and Sahni & Starobinsky 2000) but this particular case, viz. Λ ∼ä a , is not included there. This case, so far, isolately has been taken up by Arbab (2003a Arbab ( , b, 2004 and also by Overduin & Cooperstock (1998) with a different approach. We have, out of the other candidates of the list, purposely omitted the popular cases like Λ ∼ t −2 and Λ ∼ a −2 as the first one is exactly equal to that of the case Λ ∼ ȧ a 2 as t ∼ H −1 where H is the Hubble parameter which is defined as H =ȧ a and was extensively studied by several authors (Rastall 1972 , Endō & Fukui 1977 Canuto , Hsieh & Adams 1977; Lau 1985; Bertolami 1986; Berman & Som 1990; Berman 1991; Beesham 1994; Al-Rawaf & Taha 1995 , 1996 Lopez & Nanopoulos 1996; Vishwakarma 2001a and Arbab 2003b . The second case Λ ∼ a −2 which was first suggested through a dimensional arguments related to quantum cosmology by Chen & Wu (1990) and also results from a contracted Ricci-collineation along the fluid-flow vector (Abdussattar & Vishwakarma 1996; Vishwakarma 2001b ) is dropped here as this case does not suit for our present scheme as will be clear from the field equation of the next section.
Based on all the available observational information some physical features have been explored through the cosmological parameters which are in good agreement with the observationally obtained present data of the Universe. These results are discussed in the Section 6 considering both the present accelerating and the past decelerating Universe. Before this we have shown the ranges of the parameters α, β and γ involving in different Λ-models in the Section 5 whereas the equivalence of the Λ-models have been established in the Section 4. The Sections 2 and 3 are related to the Einstein field equations and their general solutions for different Λ-dependent models. As a concluding part some discussions are made in Section 7.
EINSTEIN FIELD EQUATIONS
Let us consider the Friedmann-Lemaître-Robertson-Walker (FLRW) metric
where the curvature constant k = −1, 0, +1 respectively for open, flat and close models of the Universe. The Einstein field equations are given by
where Λ is the so-called cosmological constant assumed as time dependent here, viz., Λ = Λ(t) and c, the velocity of light in vacuum is assumed to be unity in relativistic units. For the spherically symmetric metric considered above, the Einstein field equations with a time dependent cosmological constant yield the following two equations, respectively the Friedmann equation and the Raychaudhuri equation as
The energy conservation law can be written as
Let us choose the barotropic equation of state
where equation of state parameter w can take the constant values 0, 1/3, −1 and +1 respectively for the dust, radiation, vacuum fluid and stiff fluid. By the use of the equation (6), the equation (4) transforms intö
Differentiating equation (3) with respect to time coordinate t and using equations (4) - (7) for eliminating ρ we finally obtain the following equation which reads as
This is the dynamical equation related to the cosmic scale factor a for a known value of the dynamic cosmological term Λ. It can readily be observed from the above equations (7) and (8) that Λ is dependent on the factorsä a , ρ, (ȧ a ) 2 and a −2 in a specific way. However, inflation theory of Universe predicts and CMB detectors such as BOOMERanG (de Bernardis et al. 2000 (de Bernardis et al. , 2002 Netterfield et al. 2002) , MAXIMA (Hanany et al. 2000; Lee et al. 2001; Balbi et al. 2001) , DASI (Halverson et al. 2002) , CBI (Sievers et al. 2003) and WMAP (Bennett et al. 2003; Spergel et al. 2003) confirm that the Universe is spatially flat. Therefore, Λ ∼ a −2 case does not sustain for k = 0 and hence omitted here. However, for a detail study of this case, viz. Λ ∼ a −2 , besides Chen & Wu (1990) , Abdussattar & Vishwakarma (1996) and Vishwakarma (2001b) , as mentioned earlier, interested persons may consult the works done byÖzer & Taha (1986), Abdel-Rahaman (1992), Carvalho, Lima & Waga (1992) , Calvao et al. (1992) , Waga (1993) , Silveira & Waga (1994) , Lopez & Nanopoulos (1996) , Mendez & Pavón (1996) , Abdussattar & Vishwakarma (1997) and Jafarizadeh et al. (1999) . We shall, therefore, consider the phenomenological models related to the cases (ȧ a ) 2 ,ä a and ρ only for Λ and try to find out the solutions which will help us to model and explore the features of the Universe.
COSMOLOGICAL MODELS FOR ACCELERATING UNIVERSE

Model with
If we use Λ = 3α ȧ a 2 = 3αH 2 , where α is a constant and H is the Hubble parameter, then for the flat universe (k = 0) the equation (8) reduces to
Solving the equation (9), we get our general solution as
where C1 is an integration constant.
It is evident from the above set of equations (10) - (12) that α = 1 for physical validity. Moreover, a repulsive Λ demands a positive α via equation (12) while equation (11) shows that for a positive ρ, the parameter α must be less than 1 and impose the constraint 0 < α < 1. The case α 1 is either unphysical or not compatible with time-dependent Λ. This is because a solution with a variable Λ is possible in the presence of matter only when T ij ;j = 0 (Vishwakarma 2002) . Again, since we are dealing with a non-zero Λ, thenȧ = 0. This means that when Λ ∼ ȧ a 2 , then the expansion of the Universe never stops as long as Λ = 0.
Model with Λ ∼ä a
If we set Λ = βä a , where β is a constant, then for k = 0, the equation (8) takes the form
Now, the equation (13) gives the following general solution set as
where C2 is a constant of integration. These results of a, ρ and Λ of equations (14) - (16) are identical with those obtained by Arbab (2004) for a matter-dominated (w = 0) flat Universe. It is to be noted that for the physically valid solution β = 0 and β = 3 here. Actually, β can not lie between 0 and 2 as this would make Λ < 0 for dust (w = 0) case. Also, it is not possible for β to lie between 2 and 3 as well in the dust case because that would make ρ < 0. Therefore, either β < 0 or β > 3 for the present model.
Model with Λ ∼ ρ
If we set Λ = 8πGγρ, where γ is a free parameter, then using equation (7) the equation (8) reduces to
for a flat Universe (k = 0). Solving the equation (17) we get the general solution as
where C3 is a constant of integration.
For a non-negative, repulsive Λ one needs to impose the condition γ > 0 while for a positive ρ it should be γ > −1. This means that γ is always a positive quantity.
EQUIVALENCE OF THREE FORMS OF DYNAMIC Λ
Now, let us explore the interrelations between α, β and γ and hence the equivalence of the different forms of the dynamic cosmological terms, viz., Λ ∼ ȧ a 2 , Λ ∼ä a and Λ ∼ ρ.
From equation (10), after differentiating it and then dividing by a, we get
where H is the Hubble parameter as mentioned earlier and hence, for specific values of α and w, the equation (21) shows that H ∼ t −1 . This point we have indicated in the introduction and therefore omitted the case Λ ∼ t −2 for the present investigation. Using equation (21) in (11) and also the definition of the cosmic matter-energy density parameter Ωm(= 8πGρ/3H
2 ), one gets
where Ωmα is the cosmic matter-energy density parameter for the α-related dynamic Λ-model. Again, using equation (21) in (12) and also from the definition of the cosmic vacuum-energy density parameter ΩΛ = Λ/3H 2 , we have
where, in the similar fashion, ΩΛα is the cosmic vacuum-energy density parameter for the α-related dynamic Λ-model. Addition of equations (22) and (23), yields
which is the relation between the cosmic matter-and vacuumenergy density parameters for a flat (k = 0) Universe. Similarly, from equations (14) - (16) we obtain
where Ω mβ and Ω Λβ are respectively the cosmic matter-and vacuum-energy density parameters for the β-related dynamic Λ-model. Adding equations (25) and (26), we get
which is again the relation between the cosmic matter-and vacuumenergy density parameters for a flat (k = 0) Universe. In the same manner it can be shown from equations (18) - (20) that the cosmic matter-and vacuum-energy density parameters Ωmγ and ΩΛγ respectively for the model Λ ∼ ρ also satisfy the relation
where
Thus, from the relations (24), (27) and (28) without any loss of generality, we can set
where Ωm and ΩΛ are respectively the cosmic matter-and vacuumenergy density parameters which, in the absence of any curvature, satisfy the general relation
This analytical result is consistent with the observational constraints on the total energy density Ω of the Universe where Ω = 1.00
−0.30 due to MAXIMA-I flight and COBE-DMR experiment (Balbi et al. 2001) , Ω = 1.05 ± 0.08 obtained from CBI-DMR observations (Sievers et al. 2003) and Ω = 1.01 ± 0.03 (68% CL) measured from the first acoustic peak in the angular power spectrum of CMB fluctuation (Rebolo 2003) . Thus, all these observational results show a coherent agreement that Ω ≈ 1.
Now, from equations (23) and (31), we obtain
Also, dividing equation (25) by equation (26) and using equations (30) and (31) β is obtained as
This result for dust case corresponds to that of Arbab (2003b) . Similarly, from equation (29) after using equations (30) and (31), we have
Thus, we find that the free parameter α here is nothing but the cosmic vacuum-energy density parameter whereas γ is the ratio of the cosmic vacuum-and matter-energy density parameters which by virtue of the relation (32) provides
which is another relation of the total cosmic energy density in the case of the flat Universe. All the above general relations of α, β and γ in terms of Ωm and ΩΛ also hold for the particular cases of dust (w = 0) and radiation (w = 1/3). It is interesting to note that while relation of α and γ with the cosmic matter-and vacuum-energy density parameters are independent of w, relation of β with Ωm and ΩΛ depends on w.
It can easily be shown that the particular solutions of Λ ∼ ȧ a 2 model for dust and radiation cases become identical with their corresponding counterparts for the other models in terms of the dependency of a, ρ and Λ on time t when expressed in terms of Ωm and ΩΛ. Therefore, these results imply that in view of Ωm and ΩΛ there are no distinctive features so that one can differentiate between the different forms of dynamic cosmological models viz., Λ ∼ ȧ a 2 , Λ ∼ä a and Λ ∼ ρ. Thus, starting from any one of our Λ-models, since they are equivalent, we can arrive at the other relations. Now, from equation (33) after using equations (26) and (31), it can easily be shown that
Also, from equation (33) after using equations (35) and (36), we have
Thus, from equations (37) and (38), we find that the parameters involved in three dynamical relations are connected by
This again shows that the three forms Λ = 3α ȧ a 2 , Λ = βä a and Λ = 8πGγρ are equivalent and the three parameters α, β and γ are connected by the relation (39). This indicates that it is possible to find out the identical physical features of others if any one of the phenomenological Λ relation is known and hence these relations are not independent of each other. It can easily be seen that for dust case (w = 0) equation (39), for the relation between α and β, yields
which is the result of Arbab (2004) . Moreover, it can be observed that our γ is identical with that of κ of Majernik (2001 Majernik ( , 2003 where
for the present situation in view of equation (35). It is shown by him that this result of equation (41) is derivable from an ansatz where Λ is proportional to the stress-energy scalar T = T i j which arises by the contraction of the stress-energy tensor of the ordinary matter T j i and is Lorentz invariant. In this regards, following Majernik (2001) it can be mentioned here that determination of the parameter γ entirely depends on the cosmic matter-energy density parameter or both the matter-and vacuum-energy density parameters. Thus, this relation gives an opportunity to constraint the value of γ and will be discussed in the next section.
Another point to be mentioned here that equation (32) and hence equation (36), via equation (35), is nothing but another form of the Friedmann equation (3) for the flat Universe. Thus, it is interesting to note that equation (41) also represents Friedmann equation. Therefore, starting from any one of our Λ-models, since they are equivalent in view of equation (39), we can arrive at the Friedmann field equation without any special assumption.
RANGES OF THE PARAMETERS α, β AND γ
Recent measurements have given a wide range of values for Ωm0 and ΩΛ0, the present cosmic matter-and vacuum-energy density parameters. The first flight of the MAXIMA balloon-borne experiment (MAXIMA-I) combined with COBE-DMR resulted 0.25 < Ωm0 < 0.50 and 0.45 < ΩΛ0 < 0.75 (Balbi et al. 2001 ). Observations of SNeIa combined with the total energy density constraints from CMB (Rebolo 2003) and combined gravitational lens and stellar dynamical analysis (Koopmans et al. 2003) lead to Ωm0 ∼ 0.3 and ΩΛ0 ∼ 0.7. The pinpoint values of these parameters as obtained by Sievers et al. (2003) are Ωm0 = 0.34±0.12 and ΩΛ0 = 0.67 +0.10 −0.13 . All these, including other results, can be shown in the following tabular form.
Considering the values of the Table-1 we particularly prefer the value of matter-energy density parameter as adopted by Turner (2002b), Vishwakarma (2002) , Rebolo (2003) and Alcaniz (2004) which is Ωm0 = 0.330 ± 0.035. This gives us an opportunity for obtaining ranges of α0, β0 and γ0 (the values of α, β and γ at the present epoch) which can, using equation (39), be obtained as 0.635 α0 0.705, 3.417 β0 4.674 and 1.739 γ0 2.389 in the dust case. Thus, we find that using our models we are able to narrowed down the range of β than that of Arbab (2004) which was 3 < β < 4.5 for dust.
Again, if we recall the quintessence equation of state pQ = wQρQ where wQ = −ΩΛ, then we can easily obtain the relations between β and wQ as β = 6wQ/(1 + 3wQ) for w = 0. Using the above range of β0 we can calculate range of wQ in dust as −0.705 wQ −0.635. It is interesting to note that the above result is consistent with the accepted range of wQ which is −1 < wQ < 0. However, in the present investigation we are not concerned with the quintessence case and have shown the range of wQ as a check only.
FEATURES OF THE MODELS
Physical parameters at the present accelerating epoch
Now, search for the status of Λ rests on some observational results from High Redshift Type Ia Supernovae (SNeIa), the Cosmic Microwave Background Radiation (CMBR) and other sources which inform us that the present universe is composed of about 30% ordinary matter and 70% dark energy. This immediately implies that in the present Universe vacuum density parameter ΩΛ0 is more dominant over the matter density parameter Ωm0. Determination of Hubble parameter, a measure of the rate of cosmic expansion, have been done by several authors based on different values of density parameters as shown in the Table-1. However, it is to be noted that there exits certain amount of uncertainty in the value of H0 as obvious from the Table-2. Data of the Table-2 indicate that the present value of the Hubble parameter is, in general, centralized at 72 ± 8 kms −1 Mpc −1 . Assuming this value of H0 and Ωm0 = 0.330 ± 0.035 (Turner 2002b; Vishwakarma 2002; Rebolo 2003; Alcaniz 2004 ), the present age (t0), the present matter density (ρ0), the present value of the cosmological term (Λ0) and the value of the deceleration parameter at the present era (q0) have been calculated using our equivalent models. All the values of ρ0 and q0 are in nice agreement with the modern concept of an open, accelerating Universe. Moreover, the values of Λ0 support the idea of a small non-zero cosmological parameter which is slowly decreasing with time and at present Λ0 lies within 1 × 10 −35 s −2 -2 × 10 −35 s −2 which agrees with the result of Carmeli (2002) and Carmeli & Kuzmenko (2002) where they obtain the value as 1.934 × 10 −35 s −2 . All the values of ρ0 are one magnitude smaller than 10 −29 gmcm −3 , the critical density of the Universe. For matter-dominated case, various results can be obtained for t0 by tunning H0 for different Ωm0 (vide Table-3 for detail) .
It is clear from the Table-3 that for the lower value of Ωm0 age becomes very high whereas a higher value of matter-energy density parameter, say Ωm0 = 0.46 provides more realistic result for the age of the Universe with gradual increase of Hubble parameter. The best result, therefore, for Ωm0 = 0.46 (the upper limit of Sievers et al. 2003) and H0 = 80 kms −1 Mpc −1 (the upper limit of Freedman et al. 2001; Knox, Christensen & Skordis 2001; Ferreras, Melchiorri & Silk 2001; Tonry et al. 2003; Alcaniz 2004 ) is 15.95 Gyr. This result exactly coincides with the upper limit of the value of Riess et al. (1998) which is 14.2 ± 1.7 Gyr as obtained from SNeIa observations and also very close to the values obtained by Sievers et al. (2003) and Tegmark et al. (2003) as predicted by WMAP data and CMB observations.
Physical parameters in the past decelerating period
Using equation (10) one can obtain the expression for the deceleration parameter q as
Thus, for an accelerating universe
From equation (43), it is evident that for dust (w = 0) case, an accelerating Universe demands α > 1/3. Now, α being the cosmic vacuum density parameter by virtue of the relation (33), we find that our model is fit for an accelerating Universe since modern accepted value of ΩΛ0 is about 0. Freedman et al. 1994 -Pierce et al. 1994 -Efstathiou 1995 2004 and also vide Table-1) and is much larger than 1/3. Thus, equation (32) implies that the value of Ωm is 0.3 which provides q0 = −0.50 ± 0.05 for the dust case which can accommodate nicely the current accepted value related to the accelerating Universe (Tripp 1997; Efstathiou et al. 1998; Sahni 1999) . Again, q will be positive if α is less than 0.3. Thus, for a decelerating Universe, cosmic vacuum density parameter should be less than 0.3 which is also consistent with the modern idea. Therefore, we find that through our models one can investigate accelerating as well as decelerating phases of cosmic expansion as q is dependent on α. Now, it has already been mentioned that the expanding Universe, which is about 14 Gyr old, entered into the present accelerating phase about 7 Gyr ago. Therefore, about 8 Gyr earlier, i.e. when the Universe was about 6 Gyr old, it was passing through a period of deceleration. Let us try to estimate the values of some of the physical parameters when the age of the Universe was 6 Gyr. Now, from equation (42) it is easy to obtain q = (1.5Ωm − 1) for w = 0. We have seen already that q will be positive for Ωm > 0.66. Putting Ωm = 0.67 we find that q > 0, i.e. the Universe was indeed in a decelerating phase. By assuming Ωm = 0.67 and t = 6 Gyr we can estimate the values of H, ρ and Λ which respectively are given by H ∼ 179 kms −1 Mpc −1 , ρ = 3.3 × 10 −29 gmcm −3 and Λ = 2.74 × 10 −35 s −2 . Similarly, for radiation case, Ωm and q are related by q = (2Ωm − 1). Thus, q will be positive for Ωm > 0.5. If we assume Ωm = 0.6 and t = 6 Gyr, then the estimated values of H, ρ and Λ are respectively 135 kms −1 Mpc −1 , 2.08 × 10 −29 gmcm −3 and 2.33 × 10 −35 s −2 . Thus, we find that in both the cases (w = 0, 1/3), ρ was above the critical density which means that the expanding universe with a decelerating mode had a closed geometry. The value of the Hubble parameter, a measure of the expansion rate of the Universe was slower in the radiation era than that of matter-dominated era. Also, we find that the value of Λ was slightly above its present value which justifies the idea of a dynamic Λ which decreases very slowly with time. Finally, assuming for w = 0 and about 8 kms −1 Mpc −1 Gyr −1 for w = 1/3.
DISCUSSIONS
In the present investigation, choosing some specific forms of dynamical Λ, we are able to show the equivalence of those forms in terms of the solutions thus obtained. It has already been mentioned that Λ ∼ H 2 and Λ ∼ t −2 are identical. In this context, it is interesting to note that sinceä a is equal toḢ + H 2 which again ∼ t −2 then Λ ∼ä a is also identical with the above mentioned cases. This is reflected in our solution sets via the equation (39). Moreover, sinceä a =Ḣ + H 2 , then Λ ∼ä a model can be thought of as a combination of two models, viz., Λ ∼Ḣ and Λ ∼ H 2 . Thus, Λ ∼ä a and Λ ∼ȧ a 2 models become identical whenḢ = 0. Now, H = 0 implies a constant H, which in turn implies an exponential expansion and hence an inflationary scenario. Thus, idea of inflation is inherent in the phenomenological model Λ ∼ä a . Moreover, Λ ∼ȧ a 2 and Λ ∼ä a models cannot exist as separate entity during inflation.
We have also established a relation between α, β and γ, the three parameters of the three forms of Λ which ultimately yields Ωm + ΩΛ = 1, the relation between the cosmic matter-and vacuum-energy density parameters for a flat Universe. It can be shown that this particular relation of the density parameters also holds for the radiation case. On the other hand, since ΩΛ = ρΛ/ρc and Ωm = ρm/ρc, then it is clear from equations (33), (34) and (35) that β and γ are independent of ρc, the critical density of the Universe whereas α depends on the critical density. It can also be shown that while β and γ decrease with the age of the Universe α increases with the passage of time.
Moreover, the present models represent a flat, accelerating Universe and do not suffer from low-age problem like FRW model. Also, since the present Universe is matter-dominated and closest approximation to t0 ∼ 20.10 Gyr for the matter-dominated case can be obtained for the specific choice of Ωm0 = 0.330 + 0.035 and H0 = 72 + 8 kms −1 Mpc −1 , so our models point towards the upper accepted limits of Ωm0 and H0. As is shown earlier in the table-2 that there exists certain amount of uncertainty in the value of H0 the lower bound being 50 kms −1 Mpc −1 (also vide Table-2 of Sandage, Tammann & Saha 1998 for some more cases of lower bound) whereas the upper bound is 97 kms −1 Mpc −1 . The related values of the age of the Universe for our models with these two extream Hubble parameters are respectively 25.52 Gyr and 13.15 Gyr when the matter-energy density parameter is 0.46. Therefore, our calculated value of t0, which seems a bit over-aged, can be accommodated in the accepted age of the Universe within an error bar. Even though values of t0 in w = 0 case show an excess age than that accepted at present for the age of the Universe but it does not suffer from the low-age problem. This is because these values are much higher than the age of the globular clusters which is 12.5 ± 1.2 Gyr (Martel, Shapiro & Weinberg 1998; Gnedin, Lahov & Rees 2001; Cayrel et al 2001; Krauss & Chaboyer 2003; Gratton et al. 2003; de Marchi et al. 2003) . In this connection it is also to be noted here that the examples of higher age are not unavailable in the contemporary literatures (Cowan et al. 1997; Starobinsky 2000; Vishwakarma 2001c; Vishwakarma 2002; Alam & Sahni 2002; Kallosh et al. 2002; Kallosh & Linde 2003; Alam, Sahni & Starobinsky 2003) . As for example, Vishwakarma (2002) for the values Ωm0 = 0.330 ± 0.035 and H0 = 72 ± 7 kms −1 Mpc −1 obtains a remarkably high age of the Universe, say, t0 ≈ 27.4 ± 5.6 Gyr! But it is evident from the Table-2 that whatever the values of the Hubble parameter the experimental results for the age of the Universe lie around 14 Gyr. For the present phenomenological models (including the case of Vishwakarma 2002) the age of the Universe is inversely proportional to the Hubble parameter. This provides a reasonable age of the Universe only for a higher value of the Hubble parameter which is also clear from the above discussion of this paragraph. Therefore, this is obviously a drawback of the present models unless a higher value of the Hubble parameter is observationally established in future.
In this regard we would like to discuss the causal connection of our models. We know that the proper distance L(t) to the horizon is given by L(t) = a(t) t 0 dτ a(τ ) and if the integral diverges then the model is causally connected. Since, for Λ ∼ ȧ a 2 model the scale factor a(t) is given by equation (10), the proper distance L(t) diverges if 1/3 < α < 1 or in other way 1/3 < ΩΛ < 1 for dust case and α < 0.5 i.e. ΩΛ < 0.5 for radiation. Since the present Universe is matter-dominated and observational results indicate that at present ΩΛ ∼ 0.7, so the Universe is causally connected via our Λ ∼ ȧ a 2 model. Also, as it has already been shown that the three phenomenological Λ-models presented here are equivalent, then causal connection of Universe as indicated by the above model equally implies that the other models of Universe are also causally connected.
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